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0. Introduction
The aim of Fontaine-Theory is to classify p-adic Galois representations of p-adic ﬁelds and to at-
tach various invariants to them. To achieve this, Fontaine constructed for a p-adic ﬁeld K several
Qp-algebras with GK := Gal(K alg/K )-action and additional structure, called period rings. Then for
a representation GK → GL(V ) in a ﬁnite dimensional Qp-vector space V and any such Qp-algebra B
the inherited additional structure on (B ⊗Qp V )GK provides these invariants. This approach was ex-
tremely successful. In its application to geometry it allowed to recover all the cohomological invariants
attached to a smooth proper variety X over K solely from the étale cohomology H•e´t(X ×K K alg,Qp)
of X (which is a GK -representation). After contributions by Grothendieck, Tate, Fontaine, Lafaille,
Messing, Kato and many others the later was ﬁnally accomplished by Faltings [21] and Tsuji [55].
See [8,37] for a survey.
URL: http://www.math.uni-muenster.de/u/urs.hartl/.
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Theory in equal characteristic was developed by Genestier and Lafforgue [26] and the author [31].
There the local ﬁeld Qp is replaced by the Laurent series ﬁeld Fq((z)) over the ﬁnite ﬁeld Fq . But the
theory of Galois representations GL := Gal(Lsep/L) → GLn(Fq((z))) for ﬁnite extensions L of Fq((z)) is
spoiled by the following two facts. Firstly by the Ax–Sen–Tate Theorem the ﬁxed ﬁeld of GL inside the
completion C of an algebraic closure of L is much larger than L; see 1.4 below. And secondly all the
Tate twists C(n) are isomorphic as GL-modules, as was observed by Anderson [3]; see 1.5. Therefore
it was proposed in [26,31] to discard GL-representations and to view in equal characteristic so-called
local shtuka as the appropriate analogue of (crystalline) Galois representations; see 5.4.
This is consistent with the following facts. The link between crystalline Galois representations and
other structures like ﬁltered isocrystals ﬁrst appeared via the mediator p-divisible groups. Fontaine-
Theory then provided the direct link. Now the category of local shtuka over a formal Fq[[z]]-scheme S
is anti-equivalent to the category of divisible local Anderson modules over S , see 3.1, and the analogues
of a special class of these modules in mixed characteristic are p-divisible groups. Also with a di-
visible local Anderson module or a local shtuka over OL one can associate a Galois representation
GL → GLn(Fq((z))) like one associates with a p-divisible group over OK the crystalline Galois repre-
sentation on its rational Tate module; see 3.3. So a priory it seems natural to use local shtuka as a
mediator between Galois representations GL → GLn(Fq((z))) and other structures. But then it turns
out that the notion of local shtuka is so general (in contrast to the notion of p-divisible group) that
one can dispense at all with Galois representations in mixed characteristic and only work with local
shtuka; see 3.2. Striking evidence for this statement is given in 5.6 and 6.2.
This article contains no new results. It is rather a survey of the analogue of Fontaine-Theory in
equal characteristic [26,31]. It has various purposes. First of all, a dictionary between the arithmetic of
number ﬁelds and function ﬁelds was begun by Goss [27]. This article is meant to be a sequel to Goss’
dictionary. Secondly for those readers familiar with Fontaine-Theory it should serve as an introduction
to the equal characteristic theory which is somewhat simpler but not less fascinating. Thirdly we
reveal a hidden geometric interpretation of the rings in Fontaine-Theory as functions on the “unit
disc with coordinate p.” This interpretation is inspired by the equal characteristic counterparts of
these rings. And ﬁnally we hope that this interpretation might serve as an Ariadne’s thread for those
who want to learn Fontaine-Theory and experience all its rings as a kind of maze.
As with most dictionaries the reader will hardly want to read it from ﬁrst to last page. We sug-
gest to look at Section 2, which contains the deﬁnitions of the various rings of Fontaine-Theory and
their analogues, only when these rings are needed. Instead the reader should focus on the remaining
sections in which we explain the analogue of Fontaine-Theory in equal characteristic.
Mixed characteristic Equal characteristic
1. The arithmetic ground ﬁeld
Qp the p-adic numbers and
Zp the p-adic integers.
Fq((z)) the Laurent series ﬁeld and
Fq[[z]] the power series ring in the variable z over
the ﬁnite ﬁeld Fq with q elements.
These rings carry the p-adic topology. These rings are equipped with the z-adic topol-
ogy.
1.1. Witt vectors
The functor R → W (R) which assigns to a perfect
Fp-algebra R the ring of p-typical Witt vectors
over R , see [29,53],
corresponds to the functor R → R[[z]] which as-
signs to any Fq-algebra R the power series ring
over R in the variable z.
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corresponds to
σ : R[[z]] → R[[z]],
∑
i
bi z
i →
∑
i
bqi z
i
(where bi ∈ R), also called the Frobenius lift.
For an element b ∈ R let [b] ∈ W (R) be the Teich-
müller representative of b, see [29,53]. The map
b → [b] is multiplicative but not compatible with
addition.
For an element b ∈ R the element b · z0 ∈ R[[z]] is
called the Teichmüller representative of b. The map
b → b · z0 is a ring homomorphism.
If Spec R is connected W (R)ϕ=1 = Zp . If Spec R is connected R[[z]]σ=1 = Fq[[z]].
1.2. The two roles of p
The number p enters in Fontaine-Theory in a
twofold way
• as uniformizing parameter of Zp and
• as element of the base rings or ﬁelds (which
are Zp-algebras) over which the arithmetic
objects like p-divisible groups or Galois rep-
resentations are deﬁned.
The necessity to separate the two roles of p in
equal characteristic and to work with two inde-
terminants z and ζ was ﬁrst pointed out by An-
derson [2]. So we let
• z be the uniformizing parameter of Fq[[z]],
• ζ be the element of the base rings (which are
Fq[[z]]-algebras, ζ is the image of z).
Note that the natural number p never can act on a module or vector space as anything else
than the scalar p, whereas there is no such restriction on z. This makes the distinction between
z and ζ possible. Strictly speaking a distinction between the two roles of p is also searched for
in Fontaine-Theory where an object, called [p˜] by Colmez [17], is constructed that behaves like ζ ,
whereas p behaves like z; see 2.1 and 2.9.
1.3. The cyclotomic character
For n ∈ N0 let ε(n) ∈ Qalgp be a primitive pn-th
root of unity with (ε(n+1))p = ε(n). Let Qp,∞ :=
Qp(ε(n): n ∈ N). Then there is an isomorphism of
topological groups
χ :Gal(Qp,∞/Qp) ∼−→ Z×p
with γ (ε(n)) = (ε(n))χ(γ ) mod pn for γ in the Ga-
lois group. χ is called the cyclotomic character.
For n ∈ N0 let tn ∈ Fq((ζ ))sep be solutions of
the equations tq−10 = −ζ and tqn + ζ tn = tn−1.
Let Fq((ζ ))∞ := Fq((ζ ))(tn: n ∈ N0) and deﬁne
the power series t+ :=∑∞n=0 tnzn ∈ Fq((ζ ))∞[[z]]×.
Then there is an isomorphism of topological
groups
χ :Gal
(
Fq((ζ ))∞/Fq((ζ ))
) ∼−→ Fq[[z]]×
satisfying γ (t+) := ∑∞n=0 γ (tn)zn = χ(γ ) · t+ in
Fq((ζ ))∞[[z]] for γ in the Galois group. In view
of 3.4 below, χ is called the cyclotomic character.
(The existence of χ follows from the fact that by
construction σ(t+) = (z − ζ ) · t+. Hence χ(γ ) :=
γ (t+)
t+ is σ -invariant, that is χ(γ ) ∈ Fq[[z]]×. Fur-
thermore, χ is an isomorphism because tn−1 is
a uniformizing parameter of Fq((ζ ))(t0, . . . , tn−1)
and so the equations deﬁning the tn are irre-
ducible by Eisenstein.)
U. Hartl / Journal of Number Theory 129 (2009) 1734–1757 17371.4. The Ax–Sen–Tate theorem
Let K be a ﬁeld which is complete with respect to a valuation of rank one and let C be the
completion of an algebraic closure of K . By continuity the absolute Galois group GK := Gal(K sep/K )
of K acts on C . The Ax–Sen–Tate Theorem [6] states that the ﬁxed ﬁeld in C of this action equals the
completion of the perfection of K .
Let K be an extension of Qp . Then the ﬁxed ﬁeld
is CGK = K .
Let K be an extension of Fq((ζ )). Then the ﬁxed
ﬁeld is much larger than K unless K is already
perfect.
1.5. The Tate twists
Let K∞ := K (ε(n): n ∈ N) in the notation of 1.3
and 1.4. Then Gal(K∞/K ) is a quotient of GK and
a subgroup of Gal(Qp,∞/Qp).
Let K∞ := K (tn: n ∈ N0) in the notation of 1.3
and 1.4. Then Gal(K∞/K ) is a quotient of GK and
a subgroup of Gal(Fq((ζ ))∞/Fq((ζ ))).
For m ∈ Z let C(m) be the ﬁeld C on which
γ ∈ GK acts via
x → χ(γ )m · γ (x) for x ∈ C .
The C(m) are called the Tate twists of C .
For m ∈ Z let C(m) be the ﬁeld C on which
γ ∈ GK acts via
x → (χ(γ )|z=ζ )m · γ (x) for x ∈ C .
The C(m) are called the Tate twists of C .
If K is discretely valued the Tate twists are mu-
tually non-isomorphic by [54, Theorem 2, p. 176].
Anderson [3] observed that in equal characteristic
all Tate twists are isomorphic! Namely, multipli-
cation with (t+|z=ζ )m = (∑n≥0 tnζn)m ∈ C deﬁnes
an isomorphism C(m) ∼−→ C(0) of GK -modules.
2. Fontaine’s rings
In mixed characteristic Fontaine classiﬁes representations of GK = Gal(K alg/K ) in ﬁnite dimen-
sional Qp-vector spaces by Frobenius-modules with additional structure over various rings BK , B
†
K ,
B+K ,rig, and B
†
K ,rig. See [8] for an introduction to Fontaine’s theory. The ﬁrst step is to break up a
GK -representation along K∞ , that is to consider it as an HK = Gal(K alg/K∞)-representation and to
transfer it to a Galois-representation of a ﬁeld of characteristic p. This ﬁeld is the ﬁeld of norms EK
of K .
We describe most of the rings encountered in Fontaine Theory and their equal characteristic ana-
logues. Many of the latter are Laurent series rings in the variable z over complete extensions of Fq((ζ ))
with varying convergence conditions. Therefore we view them as rings of (rigid) analytic functions on
suitable subsets of the unit disc with coordinate z. We want to advertise the point of view that the
corresponding rings from Fontaine Theory have a geometric interpretation as rings of analytic func-
tions in the “variable p” on certain subsets of the “unit disc with coordinate p”; see 2.3–2.9.
We use the notation of Colmez [17] where proofs
and further references can be found. Let K be
a complete discretely valued ﬁeld extension of Qp
with perfect residue ﬁeld k and let C be the com-
pletion of an algebraic closure of K . With the
notation of 1.3 let Kn := K (ε(n)) and K∞ :=
K (ε(n): n ∈ N0).
We use the notation from [31]. Let L be a ﬁeld ex-
tension of Fq((ζ )) which is complete with respect
to an absolute value |.| : L → R0 extending the
absolute value on Fq((ζ )). There is no assumption
on the residue ﬁeld  or on the value group of
L. Let C be the completion of an algebraic clo-
sure of L and let R be an aﬃnoid L-algebra with
L-Banach norm |.|; see [11,12]. For instance the
absolute case R = L is allowed.
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The theory of the ﬁeld of norms is fundamen-
tal to Fontaine’s theory of p-adic Galois repre-
sentations. It allows to break up a representa-
tion of GK into a representation of HK which
in turn corresponds to a ϕ-module over a mixed
characteristic complete discretely valued ﬁeld BK
with residue ﬁeld EK . On this ϕ-module the
remaining piece ΓK := GK /HK ∼= Gal(K∞/K ) of
GK acts. We will deﬁne EK in this section, BK
in 2.3, and explain the construction of the ϕ-
module in 5.1. This splitting up along K∞ is un-
avoidable since it is impossible to identify the
whole Galois group GK with the absolute Ga-
lois group of an appropriate ﬁeld of characteris-
tic p.
Strictly speaking L∞ = L(tn: n ∈ N0) is the proper
analogue of both EK and K∞ and the theory of
the ﬁeld of norms is trivial for L∞. But since
this is even true for L there is no need to split
up Galois representations along L∞. Moreover,
the notion of z-adic Galois representation of L is
not well behaved; see Section 5. Therefore it is
preferable to work with different structures (like
local shtuka, see 3.2) from the start. And for those
structures again it is possible and better to deﬁne
them over L instead of L∞. For these reasons we
view L as the analogue of EK .
One deﬁnes the following rings and their equal characteristic analogues.
E˜+ := {x= (x(n))n∈N0 : x(n) ∈ OC , (x(n+1))p = x(n)}
E˜ := Frac(˜E+) is an algebraically closed ﬁeld of
characteristic p complete with respect to the val-
uation
vE : E˜→ R ∪ {∞}, vE(x) := vp(x(0))
OC ∼=
{
x= (x(n))n∈N0 : x(n) ∈ OC , (x(n+1))q = x(n)}
C = Frac(OC )
vC :C → R ∪ {∞} the valuation with vC (ζ ) = 1.
Since we want to extend the theory to arbitrary
aﬃnoid L-algebras R we prefer to work with the
associated absolute value
|.| :C → R≥0, |x| = |ζ |vC (x) on C .
The absolute Galois group GK of K acts
component-wise on E˜+ and hence on E˜.
The absolute Galois group GL of L acts on C but
this action is not well behaved; see 1.4, 1.5, and
Section 5.
E+K :=
{
x ∈ E˜+: for n 
 0 there exists
xˆn ∈ OKn with vE
(
x(n) − xˆn
)≥ 1}
EK := Frac(E+K ) is called the Field of Norms of K . It
is a complete discretely valued ﬁeld of character-
istic p with perfect residue ﬁeld.
Since the analogue of E˜ is C we may take as the
analogue of EK the ﬁeld L in the absolute case or
even the ring R in the relative case.
The Theory of the ﬁeld of norms states that
HK := Gal
(
K sep/K∞
)= Gal(EsepK /EK ).
The reader should note that there is also a rel-
ative version of this theory by Andreatta and
Brinon [4,5,14] for certain aﬃnoid K -algebras.
In equal characteristic, L (or even R) appears as
the analogue of both EK and K∞. So the theory
of the ﬁeld of norms is trivial in the absolute case
and in the relative case for arbitrary aﬃnoid L-
algebras. The analogue of HK is HL := GL .
E˜K the completion of the perfection of EK also
equals the ﬁxed ﬁeld of HK in E˜.
Lp := L̂perf the completion of the perfection of L
also equals the ﬁxed ﬁeld of GL in C ; see 1.4.
E˜+K the ring of integers of E˜K . OLp the ring of integers of Lp .
Fix an element p˜ ∈ E˜+ with p˜(0) = p.
Let ε := (ε(n))n ∈ E+Qp be the sequence deﬁned
in 1.3 and set π¯ := ε − 1.
The analogue of p˜ is ζ ∈ L.
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The ﬁeld BK we ultimately want is the fraction ﬁeld of a complete discrete valuation ring AK with
uniformizer p and residue ﬁeld EK . Since EK is not perfect we proceed by considering the ring of
Witt vectors A˜ of the perfect extension E˜ of EK in this section and construct AK as a subring of A˜
in 2.3.
Consider the rings Their equal characteristic analogues are
A˜+ := W (˜E+) the ring of Witt vectors, OC [[z]] the ring of power series in z,
B˜+ := A˜+[ 1p ], OC [[z]][ 1z ],
A˜ := W (˜E), C[[z]],
B˜ := A˜[ 1p ] the fraction ﬁeld of A˜. C((z)) = C[[z]][ 1z ] the fraction ﬁeld of C[[z]].
For example π := [ε] − 1 ∈ A˜+ where [.] denotes
the Teichmüller representative, see 1.1.
There are functions f i : B˜ → E˜ deﬁned by the
equation x=
∞∑
i
−∞
pi[ f i(x)] in B˜.
There are functions f i :C((z)) → C deﬁned by the
equation x=
∞∑
i
−∞
f i(x)z
i in C((z)).
A˜+K := W
(˜
E+K
)
the ring of Witt vectors, OLp [[z]] the ring of power series in z,
B˜+K := A˜+K
[ 1
p
]
, OLp [[z]]
[ 1
z
]
,
A˜K := W (˜EK ), Lp[[z]],
B˜K := A˜K
[ 1
p
]
the fraction ﬁeld of A˜K . Lp((z)) the fraction ﬁeld of Lp[[z]].
By Witt vector functoriality these rings inherit a
GK -action commuting with the Frobenius lift ϕ
from 1.1.
We equip these rings with the Frobenius lift
from 1.1. By functoriality they inherit a GL-action
which is also ﬂawed; see Section 5.
2.3. The non-perfect rings
Now we are ready to construct the rings AK and BK with their action by ϕ and GK .
Set K0 := W (k)[ 1p ] and deﬁne This corresponds to ((ζ )),
AK0 :=
{∑
n∈Z
anπ
n: an ∈ W (k), vp(an) → ∞
for n → −∞
}
,
((ζ ))[[z]], and
BK0 := AK0 [ 1p ] is naturally a subﬁeld of B˜ with
residue ﬁeld EK0 = k((π¯ )).
((ζ ))((z)), whose residue ﬁeld is again ((ζ ));
compare 2.1.
Let BK be the unique ﬁnite extension of BK0 con-
tained in B˜ whose residue ﬁeld is EK and let
Its analogues are L((z)) or even R[[z]][ 1z ] in the
relative situation,
AK be the ring of integers of BK and respectively L[[z]] or R[[z]].
B+K := B˜+ ∩ BK , OL[[z]][ 1z ] or R◦[[z]][ 1z ] where R◦ is an admissible
formal OL-algebra in the sense of Raynaud [13]
with R◦ ⊗OL L ∼= R . When considering R◦ we al-
ways assume that the L-Banach norm |.| on R
satisﬁes R◦ = {b ∈ R: |b| ≤ 1}.
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converge on the whole (relative) open unit disc
{|z| < 1} and are bounded by 1.
Let B ⊂ B˜ be the completion of the maximal un-
ramiﬁed extension of BK and
Their analogues are Lsep((z)) and
A := A˜∩ B. Lsep[[z]].
By continuity HK = Gal(EsepK /EK ) acts on B with
BHK = BK . Also the Frobenius ϕ on B˜ restricts to
an endomorphism of all the above rings.
By continuity GL = Gal(Lsep/L) acts on Lsep((z))
with Lsep((z))GL = L((z)).
The ϕ-invariants of these rings are(
A+K
)ϕ=1 = (AK )ϕ=1 = (˜A+)ϕ=1 = A˜ϕ=1 = Zp ,
The σ -invariants of these rings are
R◦[[z]]σ=1 = R[[z]]σ=1 = Fq[[z]] if Spec R is con-
nected and(
B+K
)ϕ=1 = (BK )ϕ=1 = (˜B+)ϕ=1 = B˜ϕ=1 = Qp . R◦[[z]][ 1z ]σ=1 = R[[z]][ 1z ]σ=1 = Fq((z)) if Spec R is
connected (in particular for R = L or Lsep or C).
2.4. The overconvergent rings
Having constructed BK one deﬁnes the functor V → D(V ) := (B ⊗Qp V )HK from GK -representa-
tions V to ϕ-modules over BK on which the remaining piece ΓK = GK /HK acts. There is an isomor-
phism V ⊗Qp B ∼= D(V ) ⊗BK B of B-modules compatible with the actions of ϕ and GK . It allows to
recover V from D(V ).
If for example X is a proper smooth scheme over OK we can take V as its étale cohomology.
However, there are also other cohomological theories of X like crystalline or de Rham. The decisive
fact allowing to compute these from D(V ) in [7] is the theorem of Colmez and Cherbonnier [15].
It states that the above isomorphism actually arises from a similar isomorphism (see 5.2) over the
subring B† ⊂ B of overconvergent elements, which we now deﬁne.
Let r¯ ∈ R>0, set r = 1/r¯ and deﬁne Let r ∈ R>0, set r¯ = 1/r and deﬁne
A˜(0,r¯] :=
{
x ∈ A˜: lim
i→+∞
vE
(
f i(x)
)+ i/r¯ = ∞}, C 〈 z
ζ r
〉 := { ∞∑
i=0
bi z
i ∈ C[[z]]: lim
i→+∞
|bi ||ζ |ri = 0
}
.
Its elements converge on the disc {|z| ≤ |ζ |r}.
B˜(0,r¯] := A˜(0,r¯][ 1p ], and In C〈 zζ r 〉[ 1z ] we allow a pole at z = 0.
their K -rational versions
A(0,r¯]K := AK ∩ A˜(0,r¯] and
B(0,r¯]K := BK ∩ B˜(0,r¯] = A(0,r¯]K
[ 1
p
]
.
The L- (or R)-rational versions are
L
〈 z
ζ r
〉
or even R〈 z
ζ r
〉, and
L
〈 z
ζ r
〉[ 1
z
]
or even R
〈 z
ζ r
〉[ 1
z
]
, which are deﬁned as
the preceding rings except that one must take |.|
to be the L-Banach norm on R ﬁxed in the be-
ginning. (Since the topology of R does not de-
pend on the choice of the norm also R〈 z
ζ r
〉 and
R〈 z
ζ r
〉[ 1z ] do not depend on this choice.)
The rings A˜(0,r¯], A(0,r¯]K , B˜(0,r¯] and B
(0,r¯]
K are princi-
pal ideal domains.
The rings C〈 z
ζ r
〉, L〈 z
ζ r
〉, C〈 z
ζ r
〉[ 1z ] and L〈 zζ r 〉[ 1z ] are
principal ideal domains.
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v(0,r¯](x) := inf{vE( f i(x))+ i/r¯: i ∈ N0}
on B˜(0,r¯] with respect to which A˜(0,r¯] and A(0,r¯]K
are complete. We also consider
There is a natural norm∥∥∥∥∑
i∈N0
bi z
i
∥∥∥∥
r
:= sup{|bi ||ζ |ri: i ∈ N0}
on R〈 z
ζ r
〉 with respect to which it is complete. We
also consider
A˜† :=
⋃
r¯→0
A˜(0,r¯],
⋃
r→∞
C
〈 z
ζ r
〉
,
B˜† :=
⋃
r¯→0
B˜(0,r¯] the subﬁeld of B˜ of overconvergent
elements,
⋃
r→∞
C
〈 z
ζ r
〉[ 1
z
]
the subﬁeld of C((z)) of overconver-
gent elements which converge on some disc with
small enough radius and have at most a pole at
z = 0,
A†K :=
⋃
r¯→0
A(0,r¯]K , and
⋃
r→∞
R
〈 z
ζ r
〉
, and
B†K :=
⋃
r¯→0
B(0,r¯]K the subﬁeld of BK of overconver-
gent elements,
⋃
r→∞
R
〈 z
ζ r
〉[ 1
z
]
.
B† := B˜† ∩ B.
ϕ : A˜(0,r¯] ∼−→ A˜(0,r¯/p] is a bicontinuous isomor-
phism
σ :C
〈 z
ζ r
〉 ∼−→ C 〈 z
ζ qr
〉
is a bicontinuous isomor-
phism
ϕ :A(0,r¯]K
∼−→ A(0,r¯/p]K is a continuous homomor-
phism
σ : R
〈 z
ζ r
〉 ∼−→ R〈 z
ζ qr
〉
is a continuous homomor-
phism
There are natural inclusions
A+K ⊂ A(0,r¯]K ⊂ A†K ⊂ AK identifying AK with the p-
adic completion of A(0,r¯]K and A
†
K . The same holds
for the B’s and the “tilde versions.”
There are natural inclusions
R◦[[z]] ⊂ R〈 z
ζ r
〉 ⊂ R[[z]] identifying R[[z]] with the
z-adic completion of R〈 z
ζ r
〉. The same holds after
adjoining 1z or replacing R by C .
2.5. The rings B˜+max and B˜+rig
Next we deﬁne the rings needed to compute the crystalline cohomology of a proper smooth
scheme X over OK from its étale cohomology. These are the rings B˜max and B˜rig. They are obtained
from the rings we deﬁne in this section by inverting the element t of 2.7 which is an analogue
of 2π i.
Let r¯ ∈ R>0 and set r = 1/r¯. Let r ∈ R>0 and set r¯ = 1/r.
Consider the semi-valuation v(0,r¯] on B˜+. Consider the norm ‖.‖r on OC [[z]][ 1z ] from 2.4.
Let A˜+max be the p-adic completion of A˜+[ [p˜]p ] or
equivalently its completion with respect to v(0,1].
(This ring is usually denoted Amax.)
Let OC [[z, ζz 〉 be the ζ -adic completion of
OC [[z]][ ζz ] or equivalently the completion with
respect to ‖.‖1. Its elements converge on the half
open annulus {|ζ | ≤ |z| < 1} and are bounded
by 1.
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of B˜+ with respect to v(0,1] (and is usually de-
noted B+max.)
Then OC [[z, ζz 〉[ 1z ] equals the completion{ ∞∑
i=−∞
bi z
i: bi ∈ OC , lim
i→−∞
|bi ||ζ |i = 0
}
of OC [[z]][ 1z ] with respect to ‖.‖1.
Its elements converge on the half open annu-
lus {|ζ | ≤ |z| < 1} and their limit as |z| → 1 is
bounded by 1.
Set B˜+rig :=
⋂
n∈N0
ϕn
(˜
B+max
)
. Set OC
[[
z, 1z
} := ⋂
n∈N0
σ n
(OC [[z, ζz 〉[ 1z ])=
{ ∞∑
i=−∞
bi z
i: bi ∈ OC , lim
i→−∞
|bi ||ζ |ri = 0 ∀r > 0
}
.
Its elements converge on the punctured open unit
disc {0 < |z| < 1} and their limit as |z| → 1 is
bounded by 1.
B˜+rig also equals the Fréchet completion of B˜
+
with respect to the family of semi-valuations
v(0,r¯] for 0< r¯ ≤ 1.
OC [[z, 1z } also equals the Fréchet completion of
OC [[z]][ 1z ] with respect to the family of norms‖.‖r for 1≤ r.
The ϕ-invariants are The σ -invariants are(˜
B+max
)ϕ=1 = (˜B+rig)ϕ=1 = Qp . OC [[z, ζz 〉[ 1z ]σ=1 = OC [[z, 1z }σ=1 = Fq((z)).
The Galois invariants are(˜
B+rig
)GK = K0 := W (k)[ 1p ].
In contrast, the Galois invariants are
OC
[[
z, 1z
}GL = OLp [[z, 1z } = ((z)) making the no-
tion of crystalline Galois representation problem-
atic, see 5.3.
2.6. The rings B+K ,max and B
+
K ,rig
The rings from the preceding section also possess K -rational versions.
Let R◦ be an admissible formal OL-algebra with
R◦ ⊗OL L ∼= R and a Banach norm |.| as in 2.3.
Let B+K ,max be the completion of B
+
K with respect
to the semi-valuation v(0,1].
Let R◦[[z, ζz 〉[ 1z ] be the completion of R◦[[z]][ 1z ]
with respect to the norm ‖.‖1. It equals{ ∞∑
i=−∞
bi z
i: bi ∈ R◦, lim
i→−∞|bi ||ζ |
i = 0
}
.
Its elements converge on the relative half open
annulus {|ζ | ≤ |z| < 1} over Sp R and their limit
as |z| → 1 is bounded by 1.
A+K ,max :=
{
x ∈ B+K ,max: v(0,1](x) ≥ 0
}
. R◦
[[
z, ζz
〉 := {x ∈ R◦[[z, ζz 〉[ 1z ]: ‖x‖1 ≤ 1} equals
the ζ -adic completion of R◦[[z]][ ζz ] or equiva-
lently the completion with respect to ‖.‖1.
Let B+K ,rig be the Fréchet completion of B
+
K with
respect to the family of semi-valuations v(0,r¯] for
0< r¯ ≤ 1.
Let R◦[[z, 1z } be the Fréchet completion of
R◦[[z]][ 1z ] with respect to the family of norms ‖.‖r
for 1≤ r. It equals
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i=−∞
bi z
i: bi ∈ R◦, lim
i→−∞
|bi ||ζ |ri = 0 ∀r > 0
}
.
Its elements converge on the relative punctured
open unit disc {0 < |z| < 1} over Sp R and their
limit as |z| → 1 is bounded by 1.
The ϕ-invariants are If Spec R◦ is connected the σ -invariants are(
B+K ,max
)ϕ=1 = (B+K ,rig)ϕ=1 = Qp . R◦[[z, ζz 〉[ 1z ]σ=1 = R◦[[z, 1z }σ=1 = Fq((z)).
2.7. The analogues of 2π i
The period 2π i is characterized by the following property. Consider the multiplicative group
scheme Gm = SpecZ[x, x−1] over SpecZ and its invariant differential dxx which generates the de Rham
cohomology group H1dR(Gm/Q) = Q dxx . Now view everything over C. The isomorphism between sin-
gular and de Rham cohomology H1dR(Gm/C)
∼−→ H1sing(C×)⊗Z C maps dxx to 2π i times a generator of
H1sing(C
×). Indeed, the dual of H1sing(C
×) is H1(C×) and the map ddx : H1(C×) → C given by c →
∫
c
dx
x
sends the positive loop around zero to 2π i. At the end of 2.9 we present a similar computation for
the element t deﬁned below. This justiﬁes calling t an analogue of 2π i.
The series t := log[ε] :=
∑
n∈N
(−1)n−1
n π
n converges
in B+
Qp ,rig
and appears as the p-adic analogue
of 2π i. We will explain this in 2.9 below. The el-
ement t satisﬁes
The product t− :=
∏
n∈N0
(1 − ζ q
n
z ) converges in
Fq[[ζ ]][[z, 1z }. Using the notation of 1.3 we let
Fq[[ζ ]]∞ := Fq[[ζ ]][tn: n ∈ N0] be the valuation
ring of Fq((ζ ))∞. Then we deﬁne
t := t+ · t− ∈ Fq[[ζ ]]∞
[[
z, 1z
}
. It satisﬁes
ϕ(t) = pt and γ (t) = χ(γ ) · t
for all γ ∈ Gal(Qalgp /Qp) where χ is the cyclo-
tomic character from 1.3.
σ(t) = zt and γ (t) = χ(γ ) · t
for all γ ∈ Gal(Fq((ζ ))sep/Fq((ζ ))) where χ is the
cyclotomic character from 1.3.
Set B˜max := B˜+max
[ 1
t
]
, B˜rig := B˜+rig
[ 1
t
]
,
BK ,max := B+K ,max
[ 1
t
]
, and BK ,rig := B+K ,rig
[ 1
t
] For the convergence behavior of the analogues ofthese rings note that t has simple zeroes precisely
at z = ζ qi for i ∈ Z.
If X is a proper smooth scheme over OK , its crystalline cohomology Hicris(X/K0) is obtained
from its étale cohomology V = Hie´t(XK alg ,Qp) by the formula Hicris(X/K0) = (˜Brig ⊗Qp V )GK =
(˜Bmax ⊗Qp V )GK and by the comparison isomorphism Hicris(X/K0) ⊗K0 B˜rig ∼= Hie´t(XK alg ,Qp) ⊗Qp B˜rig
which is compatible with the actions of GK and Frobenius. This was conjectured by Fontaine and
proved by Tsuji [55] and Faltings [21]. See also 2.9 and 5.3 below.
2.8. The Robba ring
Due to Berger [9, Théorème C] there is also the possibility to recover Hicris(X) directly from the
overconvergent (ϕ,ΓK )-module D†(V ) = (B† ⊗Qp V )HK on B†K from 2.4. For this the Robba ring B†K ,rig
is needed.
Let r¯, s¯ ∈ R>0 with s¯ ≤ r¯ and r = 1/r¯, s = 1/s¯. Let r, s ∈ R>0 with s ≥ r and r¯ = 1/r, s¯ = 1/s.
Consider the semi-valuation on B˜(0,r]
v[s¯,r¯](x) := inf{v(0,s¯](x), v(0,r¯](x)} and let Consider the norm on C〈
z
ζ r
〉[ 1z ] or on R〈 zζ r 〉[ 1z ]
‖x‖[r,s] := sup
{‖x‖r,‖x‖s} and let
1744 U. Hartl / Journal of Number Theory 129 (2009) 1734–1757B˜[s¯,r¯] (respectively B[s¯,r¯]K ) be the completion
of B˜(0,r] (respectively B(0,r]K ) with respect to v[s¯,r¯].
C〈 z
ζ r
,
ζ s
z 〉 (respectively R〈 zζ r , ζ
s
z 〉) be the comple-
tion of C〈 z
ζ r
〉[ 1z ] (respectively R〈 zζ r 〉[ 1z ]) with re-
spect to ‖.‖[r,s]. It equals{ ∞∑
i=−∞
bi z
i: lim
i→∞
|bi ||ζ |ri = lim
i→−∞
|bi ||ζ |si = 0
}
the ring of Laurent series with coeﬃcients bi ∈ C
(respectively bi ∈ R), which converge on the (rel-
ative) annulus {|ζ |s ≤ |z| ≤ |ζ |r}.
Let B˜]0,r¯] (respectively B]0,r¯]K ) be the Fréchet com-
pletion of the rings B˜(0,r] (respectively B(0,r]K ) with
respect to the family of semi-valuations v[s¯,r¯] for
all 0< s¯ ≤ r¯. Then
Let C〈 z
ζ r
, 1z } (respectively R〈 zζ r , 1z }) be the Fréchet
completion of C〈 z
ζ r
〉[ 1z ] (respectively R〈 zζ r 〉[ 1z ])
with respect to the family of norms ‖.‖[r,s] for all
s ≥ r. Then
B˜]0,r¯] =
⋂
s¯→0
B˜[s¯,r¯] and B]0,r¯]K =
⋂
s¯→0
B[s¯,r¯]K .
The functions f i from 2.2 do neither extend to
B˜[s¯,r¯] nor B˜]0,r¯]. Also since EK is not perfect, there
is not even a Teichmüller map EK → B]0,r¯]K .
C
〈 z
ζ r
, 1z
}= ⋂
s→∞
C
〈 z
ζ r
,
ζ s
z
〉={ ∞∑
i=−∞
bi z
i: lim
i→±∞
|bi ||ζ |si = 0 for all s ≥ r
}
equals the ring of Laurent series with coeﬃcients
bi ∈ C , which converge on the punctured disc
{0 < |z| ≤ |ζ |r}. This is also true if C is replaced
by R .
The rings B˜[s¯,r¯] and B[s¯,r¯]K are principal ideal do-
mains, the rings B˜]0,r¯] and B]0,r¯]K are Bezout do-
mains (that is, every ﬁnitely generated ideal is
principal).
The rings C〈 z
ζ r
,
ζ s
z 〉 and L〈 zζ r , ζ
s
z 〉 are principal
ideal domains, the rings C〈 z
ζ r
, 1z } and L〈 zζ r , 1z } are
Bezout domains.
For [s¯′, r¯′] ⊂ [s¯, r¯] one has inclusions with dense
image B˜(0,r¯] ⊂ B˜]0,r¯] ⊂ B˜[s¯,r¯] ⊂ B˜[s¯′,r¯′] and the same
for the BK -versions.
For [r′, s′] ⊂ [r, s] one has the dense inclusions
C〈 z
ζ r
〉[ 1z ] ⊂ C〈 zζ r , 1z } ⊂ C〈 zζ r , ζ
s
z 〉 ⊂ C〈 zζ r′ ,
ζ s
′
z 〉 and
the same if C is replaced by L or R .
Set B˜†rig :=
⋃
r¯→0
B˜]0,r¯] and
B†K ,rig :=
⋃
r¯→0
B]0,r¯]K . The later ring is called the
Robba ring associated with K .
⋃
r→∞
C
〈 z
ζ r
, 1z
}
(respectively
⋃
r→∞
R
〈 z
ζ r
, 1z
}
) is the
ring of Laurent series which converge on some
(relative) punctured disc {0 < |z| ≤ |ζ |r} with
small enough radius |ζ |r .
ϕ induces isomorphisms of topological rings
ϕ : B˜[s¯,r¯] ∼−→ B˜[s¯/p,r¯/p],
σ induces isomorphisms of topological rings
σ :C
〈 z
ζ r
,
ζ s
z
〉 ∼−→ C 〈 z
ζ qr
,
ζ qs
z
〉
,
ϕ : B˜]0,r¯] ∼−→ B˜]0,r¯/p], σ :C 〈 z
ζ r
, 1z
} ∼−→ C 〈 z
ζ qr
, 1z
}
,
ϕ : B˜†rig
∼−→ B˜†rig, σ :
⋃
r→∞
C
〈 z
ζ r
, 1z
} ∼−→ ⋃
r→∞
C
〈 z
ζ r
, 1z
}
,
and homomorphisms of topological rings
ϕ :B[s¯,r¯]K −→ B[s¯/p,r¯/p]K ,
and homomorphisms of topological rings
σ : R
〈 z
ζ r
,
ζ s
z
〉−→ R〈 z
ζ qr
,
ζ qs
z
〉
,
ϕ :B]0,r¯]K −→ B]0,r¯/p]K , σ : R
〈 z
ζ r
, 1z
}−→ R〈 z
ζ qr
, 1z
}
,
ϕ :B†K ,rig −→ B†K ,rig. σ :
⋃
r→∞
R
〈 z
ζ r
, 1z
}−→ ⋃
r→∞
R
〈 z
ζ r
, 1z
}
.
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0→ B˜+ → B˜+rig ⊕ B˜(0,r¯] → B˜]0,r¯] → 0,
0→ B˜+ → B˜+max ⊕ B˜(0,1] → B˜[1,1] → 0,
and the same for the BK -versions.
There are exact sequences of rings
OC [[z]]
[ 1
z
]
↪→OC
[[
z, 1z
}⊕ C 〈 z
ζ r
〉[ 1
z
]
 C
〈 z
ζ r
, 1z
}
,
OC [[z]]
[ 1
z
]
↪→OC
[[
z, ζz
〉[ 1
z
]⊕ C 〈 z
ζ
〉[ 1
z
]
 C
〈 z
ζ
,
ζ
z
〉
,
and the same if OC and C are replaced by R◦
and R .
2.9. The ﬁeld BdR
The last ring we introduce is Fontaine’s period ﬁeld BdR which is used to relate étale and de Rham
cohomology; see below.
The surjective homomorphism
θ : B˜+ → C , x →
∑
i∈Z
pi f i(x)
(0) extends by conti-
nuity to θ : B˜[1,1] → C . It has
Let θ :C
〈 z
ζ
,
ζ
z
〉→ C , ∞∑
i=−∞
bi z
i →
∞∑
i=−∞
biζ
i .
It is a surjective homomorphism with
ker θ = (p − [p˜])˜B[1,1] = tB˜[1,1].
However, note that the ideal tB˜+rig of B˜
+
rig is not
maximal as opposed to tB˜[1,1] ⊂ B˜[1,1].
ker θ = (z − ζ )C 〈 z
ζ
,
ζ
z
〉= tC 〈 z
ζ
,
ζ
z
〉
.
However, note that t also has other zeroes outside
{|z| = |ζ |}.
Set B+dR := lim←−n B˜[1,1]/(ker θ)n . It is a complete
discrete valuation ring with residue ﬁeld C and
uniformizing parameter p − [p˜] or t. There is no
continuous section C → B+dR.
Let C[[z − ζ ]] = lim←−n C〈 zζ , ζz 〉/(ker θ)n be the
power series ring over C in the “variable” z− ζ . It
is a complete discrete valuation ring with residue
ﬁeld C and uniformizing parameter z−ζ or t with
canonical section C → C[[z − ζ ]]. It is the com-
plete local ring at the point {z = ζ } = ker θ .
BdR := B+dR[ 1t ] is Fontaine’s p-adic period ﬁeld. C((z − ζ )) = C[[z − ζ ]][ 1t ] is its analogue.
It is ﬁltered by putting FilnBdR := tnB+dR for n ∈ Z. It is ﬁltered by putting
FilnC((z − ζ )) := tnC[[z − ζ ]] for n ∈ Z.
BdR is a successive extension of the Galois mod-
ules C(n) for n ∈ Z as follows (see 1.5)
0→ tn+1B+dR → tnB+dR → C(n) → 0.
C((z − ζ )) is a successive extension of the Galois
modules C(n) ∼= C for n ∈ Z as follows (see 1.5)
0→ tn+1C[[z − ζ ]] → tnC[[z − ζ ]] → C → 0.
This implies (BdR)GK = K . This implies the unfavorable fact that
C((z− ζ ))GL = Lp((z− ζ ))  L which spoils the use
of GL-representations; see Section 5.
B+dR naturally contains B˜
[1,1] and if p−n ∈ [s¯, r¯]
for some n ∈ Z then this induces an inclusion
ϕ−n : B˜[s¯,r¯] ↪→ B+dR.
C[[z − ζ ]] naturally contains C〈 z
ζ
,
ζ
z 〉 and if qn ∈
[r, s] for some n ∈ Z this induces an inclusion
σ−n :C
〈 z
ζ r
,
ζ s
z
〉
↪→ C[[z − ζ ]].
By [16] the following sequence is exact It corresponds to the exact sequence
0→ Qp → (˜Bmax)ϕ=1 → BdR/B+dR → 0. Fq((z)) ↪→ OC
[[
z, ζz
〉[ 1
z
]σ=1 → C((z − ζ ))
C[[z − ζ ]] → 0.
1746 U. Hartl / Journal of Number Theory 129 (2009) 1734–1757Note that one can construct relative versions of
B+dR and BdR over aﬃnoid K -algebras; see [14,56].
There are obvious R-rational versions R[[z − ζ ]]
and R[[z − ζ ]][ 1z−ζ ] of these rings over an arbi-
trary aﬃnoid L-algebra R .
If X is a smooth separated scheme of ﬁnite type over K the relation between de Rham and
étale cohomology is given by the comparison isomorphism HidR(X/K )⊗K BdR ∼= Hie´t(XK alg ,Qp)⊗Qp BdR
which is compatible with the GK -action and the ﬁltrations on both sides. Here the ﬁltration on the
left is the product ﬁltration obtained from the above ﬁltration on BdR and the Hodge ﬁltration on
HidR(X/K ). This was Fontaine’s conjecture CdR which was proved by Faltings [21, Theorem 8.1].
We want to explain why the element t ∈ B+
Qp ,rig
from 2.7 can be viewed as the analogue of 2π i.
For Gm over K0 = Qp we have H1cris(Gm/Qp) = H1dR(Gm/Qp) = Qp dxx with ϕ( dxx ) = dx
p
xp = p dxx . On
the other hand, the étale cohomology equals the dual of the rational Tate module H1e´t(Gm,K alg ,Qp) =
(V pGm)∨ = (ε−1)Qp on which GK acts through the inverse χ−1 of the cyclotomic character (1.3) and
where ε was deﬁned in 2.1. The above comparison isomorphism sends dxx ⊗ 1 to ε−1 ⊗ t where t
is the p-adic (mixed characteristic) t from 2.7. This is plausible from the transformation under ϕ of
these expressions and from their invariance under GQp . Also ε ∈ V pGm corresponds to a generator of
H1(C×) under the comparison isomorphism between singular homology and the Tate module of Gm .
This can be seen from the exact sequence 0→ Z = π1(C×) → C exp(2π i • )−−−−−−−→ C× → 0 and the induced
comparison isomorphism π1(C×) ⊗Z Zp ∼−→ T pGm , 1 → (exp(2π i/pn))n∈N . The latter can be taken
as ε. Actually note that over Qp there is no canonical choice of ε, and t depends on the particular
chosen ε.
Therefore t is the p-adic analogue of 2π i.
3. p-Divisible groups, local shtuka and crystals
3.1. Barsotti–Tate groups
Let S be a scheme and h ≥ 0 be an integer.
A Barsotti–Tate group or p-divisible group of height
h over S is an inductive system
H = (H1 i1−→ H2 i2−→ H3 i3−→ . . .)
where for each n ≥ 1
• Hn is a ﬁnite commutative group scheme
over S of order pnh ,
• the sequence of group schemes over S is ex-
act
0→ Hn in−→ Hn+1 p
n−−→ Hn+1.
Obviously multiplication with p on Hn induces
on the Lie algebra of Hn multiplication by the
scalar p, compare 1.2.
Let S be an Fq[z]-scheme and denote the im-
age of z in OS by ζ . Let d,h ≥ 0 be integers.
A divisible local Anderson module of height h and di-
mension d over S is an inductive system of ﬁnite
Fq[[z]]-module schemes over S
H = (H1 i1−→ H2 i2−→ H3 i3−→ . . .)
where for each n ≥ 1
• as Fq-module scheme Hn is strict (see [1,
22]) and can be embedded into an Fq-vector
group scheme over S ,
• the order of Hn is qhn ,
• the following sequence of Fq[[z]]-module
schemes over S is exact
0→ Hn in−→ Hn+1 zn−−→ Hn+1,
• (z − ζ )d = 0 on Lie Hn ,
• d = max
s∈S,n≥1
{
dimκ(s)
(
Lie Hn ⊗OS κ(s)
)}
.
So z does not need to act on Lie Hn as the
scalar ζ , compare 1.2
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Let k ⊃ Fp be a perfect ﬁeld. A Dieudonné crystal
over k is a pair (M, FM) where M is a ﬁnite free
W (k)-module and FM :M → M is a ϕ-linear en-
domorphism with pM ⊂ FM(M).
Equivalently we can set ϕ∗M := M ⊗W (k),ϕ W (k)
and linearize FM to a homomorphism of W (k)-
modules FM :ϕ∗M → M which satisﬁes p = 0 on
coker FM .
Let S be a (formal) scheme over Fq[[ζ ]]. A local
shtuka of rank n over S is a pair (M, FM) con-
sisting of a sheaf of OS [[z]]-modules on S and an
isomorphism FM :σ ∗M[ 1z−ζ ] ∼−→ M[ 1z−ζ ], where
σ ∗M := M ⊗OS [[z]],σ OS [[z]], such that the follow-
ing conditions hold:
• locally for the Zariski topology on S , M is a
free OS [[z]]-module of rank n,
• (boundedness condition) there exists an inte-
ger e such that FM(σ ∗M) ⊂ (z − ζ )−eM and
the quotient (z − ζ )−eM/FM(σ ∗M) is locally
free of ﬁnite rank as an OS-module.
A local shtuka is called effective if FM is actually
a morphism σ ∗M → M .
Then the functor which assigns to a Barsotti–
Tate group its contravariant Dieudonné module
is an anti-equivalence between the category of
Barsotti–Tate groups over k and the category of
Dieudonné crystals over k, see [19, p. 71]. The
fact that p acts on the Lie algebra of any p-
divisible group H as the scalar p, corresponds
to the condition p = 0 (= p in k) on coker FM ,
since (Lie H)∨ = coker FM . This restriction has far
reaching consequences.
There is no such restriction on divisible lo-
cal Anderson modules and local shtuka. Also
local shtuka behave well over arbitrary (for-
mal) Fq[[ζ ]]-schemes and the category of divis-
ible local Anderson modules over an adic for-
mal scheme S is anti-equivalent to the cate-
gory of effective local shtuka over S; see [34].
In this respect local shtuka are much more
general than p-divisible groups and F -crystals.
This is the reason mentioned in the introduc-
tion for replacing Galois representations by local
shtuka.
For a Barsotti–Tate group over k the properties of
being étale or connected and the description of
isogenies reﬂect in its Dieudonné module.
For a divisible local Anderson module the proper-
ties of being étale or having connected ﬁbers, and
the description of isogenies can be read off from
its associated local shtuka.
Barsotti–Tate groups arise from abelian varieties
as their subgroups of p-power torsion. They are
of most interest when p equals the characteristic
of the ground ﬁeld.
Also divisible local Anderson modules arise from
global objects like Drinfeld-modules [20] and
abelian t-modules [2] as their subgroups of z-
power torsion. Similarly local shtuka arise from
global objects like shtuka [46], t-motives [2], or
abelian τ -sheaves [10, §8], [30], by completing
with respect to z.
The parallel between Barsotti–Tate groups or more generally F -crystals and local shtuka is close.
It ranges from the classiﬁcation over algebraically closed ﬁelds (see 3.6), the behavior of Newton and
Hodge polygons, like the Grothendieck–Katz specialization theorem, to their deformation theory; see
Katz [40], Grothendieck [28], Messing [49], Hartl [34] and [30, §§6–8].
3.3. Tate modules
Let K be a complete discretely valued ﬁeld exten-
sion of Qp with perfect residue ﬁeld k.
Let L be a ﬁeld extension of Fq((ζ )), complete
with respect to an absolute value |.| : L → R0
extending the absolute value on Fq((ζ )). There is
no assumption on the residue ﬁeld  or on the
value group of L.
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lim−→(Hn, in) over OK is the Zp[GK ]-module
T pH := lim←−n
(
Hn
(
K alg
)
, p
)
.
The Tate module of a divisible local Ander-
son module H = lim−→(Hn, in) over OL is the
Fq[[z]][GL]-module
TzH := lim←−n
(
Hn
(
Lsep
)
, z
)
.
The Tate module Tz(M, FM) of a local shtuka
(M, FM) over OL is the Fq[[z]]-dual of
(M, FM)
F=1(Lsep)
:= {m ∈ M ⊗OL [[z]] Lsep[[z]]: FM(σ ∗m)=m}.
There is a description of T pH in terms of
the Dieudonné crystal associated with H , see
Fontaine [24, §V.1].
If M(H) is the local shtuka over Fq[[ζ ]] associ-
ated with H then the Fq[[z]][GL]-modules TzH
and TzM(H) are canonically isomorphic; see [34].
3.4. Lubin–Tate formal groups
Let H be the Lubin–Tate formal group over Zp on
which p acts as x → (1+ x)p − 1, see [47].
Let H be the formal additive group over Fq[[ζ ]]
on which we let z act by x → ζ x+ xq . Then H is
Then H is a Barsotti–Tate group of height 1
over Zp . It is isomorphic over Zp to the Lubin–
Tate formal group on which p acts by the map
x → px+ xp .
a divisible local Anderson module of height 1 and
dimension 1. If we identify z with ζ then H is the
Lubin–Tate formal group over Fq[[ζ ]] on which
ζ acts as x → ζ x+ xq . The local shtuka associated
with H is M(H) = (Fq[[ζ ]][[z]], (z− ζ ) · σ).
The Tate module T pH = lim←−(Hn(K alg), p) of H is
generated over Zp by(
x= ε(n) − 1)n∈N ∈ T pH,
where ε(n) was deﬁned in 1.3. Thus GQp acts on
T pH through the cyclotomic character from 1.3.
For the Tate module we obtain
TzH = TzM(H) = Fq[[z]] · t+,
where t+, as deﬁned in 1.3, is viewed as the map
M(H)F=1
(
Fq((ζ ))
sep)→ Fq[[z]], (t+)−1 → 1.
Thus GFq((ζ )) acts on TzH through the cyclotomic
character from 1.3 and this justiﬁes the name for
the latter.
3.5. Crystals and isocrystals
Let k be a perfect ﬁeld containing Fp . An F -
(iso)crystal over k is a pair (D, FD) where
• D is a ﬁnite free module over W (k) (respec-
tively over W (k)[ 1p ]),
• FD :ϕ∗D → D is a homomorphism of W (k)-
modules with p-torsion cokernel (respec-
tively which is an isomorphism).
Every Dieudonné crystal over k is an F -crystal.
Let  ⊃ Fq be a ﬁeld which is an Fq[[z]]-algebra
in which the image ζ of z is zero. A z-(iso)crystal
over  is a pair (D, FD) where
• D is a ﬁnite free module over [[z]] (respec-
tively over ((z))),
• again put σ ∗D := D ⊗[[z]],σ [[z]], then
FD :σ ∗D → D is a homomorphism of [[z]]-
modules with z-torsion cokernel (respectively
which is an isomorphism).
So a z-crystal is nothing but an effective local
shtuka over .
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For integers r,d with r > 0 and (r,d) = 1 consider
the F -isocrystal Dd,r = (W (k)[ 1p ]⊕r, FD) over k
with
FD =
⎛⎜⎜⎜⎜⎝
0 p−d
1
1 0
⎞⎟⎟⎟⎟⎠ · ϕ.
For integers r,d with r > 0 and (r,d) = 1 consider
the z-isocrystal Dd,r = (((z))⊕r, FD) over  with
FD =
⎛⎜⎜⎜⎜⎝
0 z−d
1
1 0
⎞⎟⎟⎟⎟⎠ · σ .
If k is algebraically closed every F -isocrystal
over k is isomorphic to a direct sum
⊕
i Ddi ,ri for
uniquely determined pairs of integers (ri,di) up
to permutation; see Manin [48].
If  is algebraically closed every z-isocrystal
over  is isomorphic to a direct sum
⊕
i Ddi ,ri for
uniquely determined pairs of integers (ri,di) up
to permutation; see Laumon [45, §B.1].
3.7. Filtered isocrystals
Let K be a complete discretely valued ﬁeld ex-
tension of Qp with perfect residue ﬁeld k and set
K0 := W (k)[ 1p ].
Let L be as in 3.3. Let OL be its valuation ring
and let  be its residue ﬁeld. Assume that there
is a ﬁxed section  ↪→ OL of the residue map
OL → . This induces in particular a homomor-
phism ((z)) → L[[z − ζ ]] into the power series
ring over L sending z to z = ζ + (z − ζ ).
A ﬁltered isocrystal D = (D, FD , Fil•DK ) over K
consists of
• (D, FD) an F -isocrystal over k and
• Fil•DK a decreasing separated exhaustive ﬁl-
tration of DK := D ⊗K0 K by K -subspaces.
One does not require any compatibility between
FD and Fil
•.
A ﬁltered isocrystal D = (D, FD ,qD) over L consists
of
• (D, FD) a z-isocrystal over  and
• qD an L[[z − ζ ]]-lattice inside the L((z − ζ ))-
vector space σ ∗D ⊗((z)) L((z − ζ )).
qD is called a Hodge–Pink structure on (D, FD).
One also sets pD := σ ∗D ⊗((z)) L[[z − ζ ]]. For the
signiﬁcance of L[[z−ζ ]] and its analogue in mixed
characteristic see 2.9.
The ﬁltration Fil•DK deﬁnes a GK -stable B+dR-
lattice qD (see 2.9) in pD ⊗B+dR BdR where we ab-
breviate pD := DK ⊗K B+dR, by setting
qD := Fil0(DK ⊗K BdR).
Conversely any such lattice determines a ﬁltration
by
Fili DK =
((
pD ∩ tiqD
)
/
(
tpD ∩ tiqD
))GK
.
Since (BdR)GK = K (see 2.9), this deﬁnes a 1-1-
correspondence between ﬁltrations and GK -stable
lattices.
Every Hodge–Pink structure determines in partic-
ular a Hodge–Pink ﬁltration Fil• on the L-vector
space DL := pD/(z− ζ )pD by letting Fili DL be the
subspace(
pD ∩ (z − ζ )iqD
)
/
(
(z − ζ )pD ∩ (z − ζ )iqD
)
of DL . Note that z acts on DL as the scalar ζ .
However, as was observed by Pink [50], the fact
that z and ζ both play part of the role of p
makes it necessary to consider Hodge–Pink struc-
tures instead of only Hodge–Pink ﬁltrations to
get a reasonable category. See [31, Remark 2.2.3]
for a detailed discussion of this phenomenon.
Also since C((z − ζ ))GL  L, taking GL-invariants
is not well behaved and one prefers to work with
L((z − ζ )) from the beginning.
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which Fil−hDK = Fil−h+1DK or equivalently, the
elementary divisors of the B+dR-lattice qD relative
to pD .
The Hodge–Pink weights of (D, FD ,qD) are the el-
ementary divisors of qD relative to pD . More pre-
cisely if e is a large enough integer such that
(z − ζ )epD ⊂ qD and
qD/(z − ζ )epD ∼=
n⊕
i=1
L[[z − ζ ]]/(z − ζ )e−wi
then the Hodge–Pink weights are the integers
w1, . . . ,wn .
3.8. Weak admissibility
Let D = (D, FD , Fil•DK ) be a ﬁltered isocrystal of
rank n over K and deﬁne
Let D = (D, FD ,qD) be a ﬁltered isocrystal of rank
n over L and deﬁne
tN(D) := ordp(det FD) the Newton slope and tN (D) := ordz(det FD) the Newton slope and
tH (D) :=
∑
i∈Z
i · dimK griFil• DK
=max
{
i ∈ Z: Fili
(∧n DK)=∧n DK}
the Hodge slope of D , which also equals the
negative of the sum of the Hodge–Tate weights
counted with multiplicity.
tH (D) :=
∑
i∈Z
i · dimL griFil• DL the Hodge slope of
D , which also equals the integer e such that∧n qD = (z − ζ )−e∧n pD or the negative of the
sum of the Hodge–Pink weights counted with
multiplicity.
D is called weakly admissible if tH (D) = tN (D) and
tH (D ′) tN (D ′) for any subobject
D is called weakly admissible if tH (D) = tN (D) and
tH (D ′) tN (D ′) for any subobject
D ′ = (D ′, FD |D ′ , Fil•D ′K ) ⊂ D , where D ′ ⊂ D is an
FD-stable K0-subspace and Fil
•D ′K is the induced
ﬁltration on D ′K = D ′ ⊗K0 K .
D ′ = (D ′, FD |D ′ ,qD ′ ) ⊂ D , where D ′ ⊂ D is an FD-
stable ((z))-subspace and the lattice qD ′ equals
qD ∩ σ ∗D ′ ⊗((z)) L((z − ζ )).
3.9. Additional G-structure
If G is a connected reductive group over Qp
the Dieudonné–Manin classiﬁcation and the
Grothendieck–Katz specialization theorem were
extended to (iso-)crystals with G-structure by
Kottwitz [43,44] and Rapoport and Richartz [51].
Likewise p-divisible groups can be equipped
with polarizations or prescribed endomorphisms,
that is, G-structures for certain reductive groups
G like GSp2n or D
×, for division algebras D
over Qp; see [52, 1.38].
If G is a reductive group over Fq[[z]] a local G-
shtuka over a (formal) Fq[[ζ ]]-scheme S is a G-
torsor M over SpecOS [[z]] together with an iso-
morphism of G-torsors
FM :σ
∗M|SpecOS [[z]][ 1z−ζ ]
∼−→ M|SpecOS [[z]][ 1z−ζ ]
subject to a boundedness condition similarly
to 3.2. For G = GLn the deﬁnition from 3.2 is
recovered by the equivalence of GLn-torsors and
locally free sheaves of rank n.
For local G-shtuka the classiﬁcation of Kottwitz
and the specialization result of Rapoport and
Richartz continue to hold.
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4.1. Frobenius modules
Let K be as in Section 2 and set R = B†K ,rig, or
R = B˜†rig, or R = B†K , see 2.4 and 2.8.
Let L, C , and R be as in Section 2 on page 1737.
Set R =
⋃
r→∞
R〈 z
ζ r
, 1z } or R =
⋃
r→∞
R〈 z
ζ r
〉[ 1z ],
see 2.4 and 2.8. Note that we allow R = L = C .
A ϕ-module over R consists of a ﬁnite free R-
module M and an isomorphism FM :ϕ∗M ∼−→ M
where ϕ∗M := M ⊗R,ϕ R.
A σ -module over R consists of a ﬁnite free R-
module M and an isomorphism FM :σ ∗M ∼−→ M
where σ ∗M := M ⊗R,σ R.
4.2. Dieudonné–Manin decompositions
For integers r,d with r > 0 and (r,d) = 1 consider
the ϕ-module Md,r = (R⊕r, FM) over R with
FM =
⎛⎜⎜⎜⎜⎝
0 p−d
1
1 0
⎞⎟⎟⎟⎟⎠ · ϕ.
For integers r,d with r > 0 and (r,d) = 1 consider
the σ -module Md,r = (R⊕r, FM) over R with
FM =
⎛⎜⎜⎜⎜⎝
0 z−d
1
1 0
⎞⎟⎟⎟⎟⎠ · σ .
Every ϕ-module over B˜†rig is isomorphic to a di-
rect sum
⊕
i Mdi ,ri for uniquely determined pairs
of integers (ri,di) up to permutation; see Ked-
laya [41, Theorem 4.5.7].
Every σ -module over
⋃
r C〈 zζ r , 1z } is isomorphic
to a direct sum
⊕
i Mdi ,ri for uniquely determined
pairs of integers (ri,di) up to permutation; see
Hartl and Pink [35, Theorem 11.1].
A ϕ-module M over B†K ,rig is called (isoclinic of )
slope λ if M ⊗
B†K ,rig
B˜†rig is isomorphic to M
⊕e
d,r
where d, r ∈ Z, r > 0, with (d, r) = 1, λ = dr and
re = rkM .
A σ -module M over
⋃
r L〈 zζ r , 1z } is called (iso-
clinic of ) slope λ if M⊗⋃
r L〈 zζ r , 1z }
⋃
r C〈 zζ r , 1z } is iso-
morphic to M⊕ed,r where d, r ∈ Z, r > 0, (d, r) = 1,
λ = dr and re = rkM .
4.3. The slope ﬁltration theorem
Let M be a ϕ-module over B†K ,rig. Then there is
a unique ﬁltration 0 = M0 ⊂ M1 ⊂ . . . ⊂ M = M
of M by saturated ϕ-submodules, such that the
quotients Mi/Mi−1 are isoclinic of some slopes
λi , and λ1 < . . . < λ, see Kedlaya [41, Theorem
6.4.1].
Let M be a σ -module over
⋃
r L〈 zζ r , 1z }. Then
there exists a unique ﬁltration of M by saturated
σ -submodules 0 = M0 ⊂ M1 ⊂ . . . ⊂ M = M ,
such that the quotients Mi/Mi−1 are isoclinic of
some slopes λi , and λ1 < . . . < λ, see Hartl [31,
Theorem 1.7.7].
The base change functor from isoclinic ϕ-
modules over B†K of slope λ to isoclinic ϕ-
modules over B†K ,rig is an equivalence of cate-
gories; see [41, Theorem 6.3.3].
The base change functor from isoclinic σ -
modules over
⋃
r L〈 zζ r 〉[ 1z ] of slope λ to isoclinic
σ -modules over
⋃
r L〈 zζ r , 1z } is an equivalence of
categories; see [31, Theorem 1.7.5].
Due to the limitations of the theory of the ﬁeld
of norms it is not yet possible to prove a relative
version of this equivalence.
There exists a relative version of this equivalence
over arbitrary aﬃnoid L-algebras R in place of L.
This is the main tool to prove the theorem in 6.2.
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Let K be as in 3.3 and let GK := Gal(K alg/K )
be the absolute Galois group of K . Fontaine-
Theory is the theory of the category RepQp GK
of continuous representations of GK in ﬁ-
nite dimensional Qp-vector spaces and
various full subcategories like crystalline,
or semi-stable, or de Rham representations,
etc.
Let L be as in 3.3 and let GL := Gal(Lsep/L) be the
absolute Galois group of L. The theory of the cat-
egory RepFq((z)) GL of continuous representations
of GL in ﬁnite dimensional Fq((z))-vector spaces
is spoiled by various unpleasant facts, such as the
ones mentioned in 1.4, 1.5, 2.5, 2.9, or 5.2 below.
5.1. (ϕ,Γ )-Modules
By the theorem of the ﬁeld of norms (see 2.1)
and Katz’ [39, Proposition 4.1.1] the category
RepQp HK is equivalent to the category of slope
zero ϕ-modules over BK (see 2.3) by mapping the
HK -representation V to the ϕ-module D(V ) :=
(B ⊗Qp V )HK and conversely mapping the ϕ-
module M to the HK -representation V p(M) :=
(B⊗BK M)ϕ=1.
By the analogue of Katz’ theorem the cate-
gory RepFq((z)) GL is equivalent to the category
of slope zero σ -modules over L((z)) by map-
ping the GL-representation V to the σ -module
(Lsep((z))⊗Fq((z)) V )GL and conversely mapping the
σ -module M to the GL-representation Vz(M) :=
(Lsep((z)) ⊗L((z)) M)σ=1.
There is a relative version for certain aﬃnoid K -
algebras by Andreatta and Brinon [5].
There is a relative version for arbitrary aﬃnoid
L-algebras R by replacing GL with the étale fun-
damental group π e´t1 (Sp R) (see [38]) and L((z))
with R[[z]][ 1z ].
As a consequence the category RepQp GK is equiv-
alent to the category of slope zero (ϕ,ΓK )-
modules over BK , that is slope zero ϕ-modules
with continuous ΓK := GK /HK -action commut-
ing with ϕ. Namely, V is mapped to D(V ) =
(B ⊗Qp V )HK which inherits the ΓK -action
from GK ; see Fontaine [25].
Since the distinction between GL and HL col-
lapses there is no ΓL-action, see 2.1.
5.2. Overconvergence
The main theorem of Cherbonnier and
Colmez [15] says that every representation V
in RepQp GK is overconvergent, that is that
D(V ) has a basis consisting of elements of
D†(V ) := (B† ⊗Qp V )HK , see 2.4. Equivalently
every slope zero (ϕ,ΓK )-module over BK has
a basis on which ϕ acts by a matrix with
coeﬃcients in B†K .
Overconvergence fails in equal characteristic as
the slope zero σ -module (M, FM) with
M = Fq((ζ ))((z)), FM =
( ∞∑
i=0
ζ q
−i
zi
)
· σ
shows. Since in mixed characteristic overcon-
vergence is most important for the theory
of p-adic Galois representations we propose
to view étale σ -modules over
⋃
r R〈 zζ r 〉[ 1z ],
see 2.4, as the appropriate analogue in equal
characteristic of p-adic Galois representa-
tions.
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A representation V in RepQp GK is called crys-
talline if dimQp V equals the dimension over
(˜Brig)GK = K0, see 2.7, of
Dcris(V ) := (˜Brig ⊗Qp V )GK .
The Frobenius ϕ on B˜rig makes Dcris(V ) into an
F -isocrystal over k.
Due to the unfavorable fact that
OC
[[
z, 1z
}GL = OLp [[z, 1z } ((z)),
see 2.5, the notion of crystalline Galois represen-
tations is problematic. But see the next item.
5.4. Rigidiﬁed local shtuka
The Breuil–Kisin classiﬁcation [42, Theorem 0.1]
of crystalline GK -representations states the fol-
lowing:
Let S := W (k)[[u]] and let π ∈ K be a uni-
formizer with Eisenstein polynomial E(u) ∈ S.
Let ϕ :S → S extend the Frobenius lift ϕ on
W (k) and map u → up . Let Modϕ
/S be the Tan-
nakian category of ﬁnite free S-modules M with
an isomorphism FM :ϕ∗M[ 1E(u) ] ∼−→ M[ 1E(u) ],
where ϕ∗M := M ⊗S,ϕ S.
A rigidiﬁed local shtuka (M, FM , δM) over OL con-
sists of a local shtuka (M, FM) over OL and, pos-
ing (D, FD) := (M, FM) ⊗OL [[z]] ((z)), an isomor-
phism δM
M ⊗OL [[z]] OL
[[
z, 1z
}[ 1
t−
]
∼−→ D ⊗((z)) OL
[[
z, 1z
}[ 1
t−
]
which satisﬁes δM ◦ FM = FD ◦ σ ∗δM and which
reduces to the identity modulo the maximal
ideal mL of OL . If L is discretely valued the
forgetful functor (M, FM , δM) → (M, FM) is an
equivalence of categories by [26, Lemma 2.8], see
also [31, Lemma 2.3.1].
Then the category of crystalline representations
is tensor equivalent to a full subcategory of the
isogeny category of Modϕ
/S. The essential image
can be characterized in terms of a connection.
From a (rigidiﬁed) local shtuka (M, FM) over OL
one obtains a Galois representation
Vz(M) :=
(
Lsep((z)) ⊗OL [[z]] M
)σ=1
as in 3.3. The tensor functor (M, FM) → Vz(M) is
faithful by [31, Proposition 2.1.4]. If L is discretely
valued then it is also full by [3, Theorem 1].
5.5. The mysterious functor
If V is a crystalline GK -representation, then
Dcris(V ) is an F -isocrystal over k, see 5.3. The
embedding B˜rig ⊂ BdR (see 2.7 and 2.9) equips
Dcris(V ) ⊗K0 K with a ﬁltration Fil• by K -
subspaces, such that (Dcris(V ), Fil
•) is a ﬁltered
isocrystal over K , see 3.7. This is Fontaine’s func-
tor
V → (Dcris(V ), Fil•)
whose existence was conjectured by Grothen-
dieck (the “mysterious functor”) in case V equals
the étale cohomology of a smooth proper K -
variety with good reduction.
If (M, FM , δM) is a rigidiﬁed local shtuka over
OL then (D, FD) := (M, FM) ⊗OL [[z]] ((z)) is a z-
isocrystal over  and
qD := σ ∗δM ◦ F−1M
(
M ⊗OL [[z]] L[[z − ζ ]]
)
is a Hodge–Pink structure on (D, FD), such that
(D, FD ,qD) is a ﬁltered isocrystal over L, see 3.7.
The functor
H : (M, FM , δM) → (D, FD ,qD)
is the analogue of the mysterious functor.
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Fontaine’s functor is called admissible.
A ﬁltered isocrystal in the essential image of H is
called admissible.
5.6. Weakly admissible implies admissible
If K is discretely valued with perfect residue
ﬁeld, the Colmez–Fontaine Theorem [18] states
that Fontaine’s Functor is an equivalence of cat-
egories between crystalline GK -representations
and weakly admissible ﬁltered isocrystals over K ,
see 3.8.
Moreover, any weakly admissible ﬁltered isocrys-
tal over K with Hodge–Tate weights 0 and 1
arises from a p-divisible group over OK by [42,
Theorem 0.3].
The functor H is an equivalence between rigidi-
ﬁed local shtuka over OL and weakly admissible
ﬁltered isocrystals (see 3.8) if the completion L˜
of the compositum algL inside C does not con-
tain an element a with 0 < |a| < 1 such that for
all n ∈ N the qn-th root of a also lies in L˜, see
[31, Theorem 2.5.3]. This condition is for example
satisﬁed if the value group of L is discrete.
This becomes false when K is algebraically
closed.
For L = C the functor H is no longer essentially
surjective.
6. Period spaces for ﬁltered isocrystals
6.1. Period spaces
On a ﬁxed F -isocrystal (D, FD) over F
alg
p the ﬁl-
trations from 3.7 with ﬁxed Hodge–Tate weights
are parametrized by a projective partial ﬂag vari-
ety over W (Falgp )[ 1p ].
On a ﬁxed z-isocrystal (D, FD) over F
alg
q the
Hodge–Pink structures from 3.7 with ﬁxed
Hodge–Pink weights are parametrized by a quasi-
projective partial jet bundle over a partial ﬂag va-
riety over Falgq ((ζ )). The jets arise since a Hodge–
Pink structure contains more information than
just the Hodge–Pink ﬁltration.
The weakly admissible ﬁltrations (see 3.8) form
a rigid analytic subspace Fwa of this partial ﬂag
variety by Rapoport and Zink [52, Proposition
1.36]. This is a p-adic period space. When viewed
as a Berkovich space it is even a connected open
Berkovich subspace of the partial ﬂag variety; see
[32, Proposition 1.3].
The weakly admissible Hodge–Pink structures
(see 3.8) form a rigid analytic subspace Fwa of
this partial jet bundle by [31, Theorem 3.2.5]
called a period space for Hodge–Pink structures.
When viewed as a Berkovich space it is even a
connected open Berkovich subspace of the partial
jet bundle.
6.2. A conjecture of Rapoport and Zink
If the Hodge–Tate weights are 0 and 1 there ex-
ists a unique maximal open Berkovich subspace
Fa in the period space Fwa , containing all its
K -valued points with K discretely valued, and
a p-adic representation of the étale fundamental
group
π e´t1
(Fa)−→ GLn(Qp)
The analogue is a theorem for arbitrary Hodge–
Pink weights; see [31, Theorem 3.4.3]:
There exists a unique maximal open Berkovich
subspace Fa of the period space Fwa containing
all its L-valued points for ﬁelds L as in 5.6,
there exists an admissible formal scheme Y over
Falgq [[ζ ]] whose associated Berkovich space Y an is
an étale covering space of Fa , and there exists
a rigidiﬁed local shtuka (see 5.4) over Y in-
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over Fa . In general Fa is strictly contained
in Fwa [23,32,33]. This is related to the failure
of the equivalence in 5.6 when K is algebraically
closed.
This result partly answers a conjecture of
Rapoport and Zink [52, p. 29], which for arbitrary
Hodge–Tate weights is still open.
ducing the universal ﬁltered isocrystal over Fa .
This local shtuka gives rise to a representation
π e´t1 (Fa) → GLn(Fq((z))) of the étale fundamen-
tal group. The proof relies on the relative descent
mentioned in 4.3 which is lacking in mixed char-
acteristic.
6.3. Rapoport–Zink spaces
Let E be a ﬁxed p-divisible group over Falgp .
The functor which assigns to every adic formal
W (Falgp )-scheme S the set of isomorphism classes
of pairs (E,ρ) where
• E is a p-divisible group over S ,
• ρ :E S¯ → E S¯ is a quasi-isogeny over S¯ , the
closed subscheme of S deﬁned by the ideal
pOS ,
is representable by an adic formal scheme X lo-
cally formally of ﬁnite type; see [52, Theorem
2.16]. X is called a Rapoport–Zink space.
Let M be a ﬁxed local shtuka over Falgq . The func-
tor which assigns to every adic formal Falgq [[ζ ]]-
scheme S the set of isomorphism classes of pairs
(M,ρ) where
• M is a local shtuka over S ,
• ρ :M⊗OS [[z]]O S¯ [[z]]
[ 1
z
] ∼−→M
F
alg
q [[z]]O S¯ [[z]]
[ 1
z
]
is an isomorphism where S¯ is the closed
subscheme of S deﬁned by the ideal ζOS ,
is representable by an adic formal scheme X
locally formally of ﬁnite type; see [36, Theo-
rem 5.3]. X is called a Rapoport–Zink space.
Rapoport–Zink spaces also exist for p-divisible
groups with additional structure as in 3.9; see
[52, Chapter 3].
Rapoport–Zink spaces also exist for local G-
shtuka as in 3.9; see [36].
6.4. Period morphisms
The Hodge ﬁltration on the Dieudonné crystal
associated with the universal p-divisible group
over the formal scheme X from 6.3 deﬁnes an
étale period morphism X rig → Fwa by [52, Propo-
sition 5.15]. When viewed as a morphism of
Berkovich spaces it has open image and identiﬁes
the Berkovich space associated with X rig with an
étale covering space of this image; see [32].
Applying the mysterious functor from 5.5 to the
universal local shtuka over the formal scheme X
from 6.3 deﬁnes an étale period morphism from
Xan to the space Fa from 6.2. It identiﬁes Xan
with the étale covering space Y an of Fa from 6.2,
see [34].
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